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1 Introduction 


In the paper of Li and Yau | LY |, a differential Harnack inequality was proved 
for the heat equation on a Riemannian manifold. Their technique was based 
upon the maximum principal which made possible the extension to geometric 
evolution equations. In particular, Richard Hamilton proved differential Har¬ 
nack inequalities for the mean curvature flow |H1] and the Ricci flow [H2|. He 
also extended the result of Li-Yau and proved a matrix Harnack inequality for 
the heat equation | H2 ]. Recently, Ben Andrews Q has proved differential Har¬ 
nack inequalities for very general curvature flows of hypersurfaces, including 
anisotropic flows. 

The purpose of this paper is to give a geometric interpretation of Hamilton’s 
Harnack inequality for the Ricci flow. We shall show that the Harnack quantity 
is in fact the curvature of a torsion-free connection compatible with a degenerate 
metric on space-time. More precisely, let {M,g{t)) be a solution to the Ricci 
flow: 

d 


~ 2i?y. 


( 1 . 1 ) 


Define the 3-tensor P by: 


Pijk ^i^jk 


Since P is antisymmetric in i and j, we may consider P as a section of the 
bundle 0 of 2-forms tensor product 1-forms. 
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Define the symmetric 2-tensoi0 M by: 


Mij = ARij — -'ViVjR + 2RkijiRki — RikRkj- 

Here Rijki = differs from Hamilton’s definition by the omission 

of the term ^Rij- Hamilton’s Harnack inequality says that if {M,g{t)) is 
a solution to the Ricci flow with semi-positive curvature operator and either 
( M, g{ t )) is compact or complete with bounded curvature, then for any 1-form 
Wi and 2-form 17^ we have (Theorem 1.1 of [p^]): 


def 


Z A - 2P,jkU^jWk + R^JklU^JUlk 

— ~ It ^3 ’ 


( 1 . 2 ) 


where our definition differs from Hamilton’s by the change of sign of the cross 
term which may be obtained by replacing W by —W. Tracing yields the in¬ 
equality (Corollary 1.2 of [H3|): 


—- + — + 2A/iRVi 2RijViVj > 0 

dt t 


(1.3) 


For any 1-form Vi. Taking H = 0 one obtains 

dR R ^ 


A 


The proof of the Harnack quantity involved applying the heat operator 
to Z and suitably specifying the covariant derivatives in space of W and {7 at a 
point and extending W and (7 in time in a way to simplify the computation and 
allow for an application of the maximum principle. Inequality (|l.3D has been 
exploited by Hamilton | H4 ] to obtain instantaneous higher derivative estimates 
and also to prove the ” Little Loop Lemma”. 

In section 14 of |H4| , following a remark of Nolan Wallach, Hamilton ob¬ 
served an interesting coincidence. The curvature operator Rm : A^M A^M 
satisfies the equation^ 


Wt 


Rm = ARm + Rm? + Rm"^, 


(1.4) 


where 


{Rm*)a0 = Rm^^Rmst, 


is the square of the curvature operator using the Lie algebra structure constants 
of so{n) which is isomorphic to the fibers of A^M (see also section 2 of [H5|). 


^Here and throughout the paper we use the Einstein summation convention. We also do 
not always bother to raise indices; repeated lower indices is short hand for contraction with 
respect to the metric. 

^This equation holds when the computation is made with respect to a time-dependent 
orthonormal frame, or equivalently, when the tensor Bra is considered as a system of functions 
on the orthonormal frame bundle (see section 2 of H2|). 
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On the other hand, the Harnack quantity Z may be considered as a symmetric 
element of 

(A^M © A^M) © (A^M © A^M). 

Define a Lie bracket on the fibers of h?M © A^M by 

[U ®W,V ®X] = [U,V]®{U\X-V\W), (1.5) 

and a degenerate inner product on A^M © A^M by 


Hamilton observed that 

O) 


{U®W,V®X) = {U,V). (1.6) 

if one formally writes the equation (compare with 




Z = XZ + Z^ + z* 


(1.7) 


using the Lie bracket and inner product defined above, one obtains the equa¬ 
tion for Z under the Ricci flow, provi de d the first derivatives of U and W are 
prescribed suitably (see formula ( ^.19| )-( 2.22| )). Here Z is considered as a self- 
adjoint endomorphism of A^M © A^M. This led Hamilton to write: 


” The geometry would seem to suggest that the Harnack inequality 
is some sort of jet extension of positive curvature operator on some 
bundle including translation as well as rotation, and this is somehow 
all related to solitons where the solution moves by translation. ” 


2 Main result 

Instead of considering a new bundle on the manifold M, we consider the tangent 
bundle of the space-time manifold M x [0, T), where [0, T) is the time interval 
of existence of the solution to the Ricci flow. Given r G [0,T), let Afj- = 
M X [0, T — r). Define a degenerate metric gr on cotangent space T*Mr by: 

9r{.x,t) = g~^{x,t + T) 

for {x,t) G Mr- Here g~^ is the inverse of the metric g. In local coordinates 
on M and x° = t on [0,T), we have: g^^ = g^^ , if 1 < AJ < n, 
and g’’^ = 0, if * = 0 or j = 0. Observe that gr is degenerate in the time 
direction. This implies that one cannot define the Levi-Civita connection in the 
usual way. That is, the connections compatible with the metric and torsion free 
are not unique. However, we shall show that one can define a connection V^- 
compatible with the metric gr such that ( gr, Xr ) is a solution to Ricci flow. We 
say that the pair {gr, Xr ) is a solution to the Ricci flow for degenerate metrics 
if it satisfies the system^ 

^ 2g^>^~g^^Rki ( 2 . 1 ) 

_ =-~9 ^\X,Rp + X,Ra - XiR,,), 

^The general notion of the Ricci flow for degenerate metrics is due to Hamilton. 
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where are the Christoffel symbols of the connection Vr- The curvature 
tensor is defined in the same way as the Riemann curvature tensor: 

ol _ _ f) _ pm-pZ 

■^ijk jk ik ' ^ jk^ im ^ ik^ jm 


and the Ricci tensor by Rjk = ^p=oRpjk- The reader may be concerned that 
the curvature tensor does not satisfy all of the usual symmetries of the Riemann 
curvature tensor, however this will be true for our choices of the connection. 
Define the connection Vr on TM^ by: 



= FJ^- ( cc, t + T) if 1 < i, j, fc < n. 

(Al) 


= 0 if 1 < i, j < n. 

(A2) 


= fgflxfl) = —R^(x, t -h r) if 1 < i, k < n, 

(A3) 

roo(a^.O 

= —^V^R( x,t-l-T)ifl<k<n 

(A4) 


for {x,t) G Mr- 

The motivation for the definitions above is as follows. For each t G [0,r — 
r),Mx{t} is a hypersurface in Mr with induced metric g{t + t). Equation 
( |Ai| ) says that the induced connection from on M x {t} is the Levi-Civita 
connection of g{ t+r). ( |A2[ ) says that the second fundamental form is identically 
zero, i.e., M x {t} is totally geodesic. (^) then implies that Vt-5t = 0, i.e., 
the connection is compatible with metric. Finally, (A4) implies that the pair 
[gr,Vr ) Satisfies the Ricci flow. The way we originally obtained the formula 
(A4) was by guessing which choice would yield Rm = Z and then checking that 
the Ricci flow was indeed satisfied. We would like to have a better understanding 
of why this choice works. 


Theorem 2.1 The pair {gr, Vr ) is a solution to the Ricci flow for degenerate 
metrics. 

Theorem 2.2 The Riemann curvature tensor Rmr of^r is given by: 


R\ok = Rijk */ 1 < *. k,l<n, (Bl) 

^zjk = 0 */ 1 < i, j, A: < n, (B2) 

*/ 1 ^ ^ ^ (B3) 

^iok =-V'Rife + Vfei?' «/l < < n, (B4) 

Rio, = ARI - iV.V'R + 2g^'^RT^Rl - R^R^ (B5) 


where the quantities on the left hand side are evaluated at {x,t) and the quan¬ 
tities on the right are evaluated at ( x,t -\- t). 


Theorem 2.1 and 2.2 are special cases of Theorem 3.5 and 3.1 respectively, 
whose proofs will be given in section 3. 
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Corollary 2.3 The Riemann curvature tensor Rm at{x,t) is the same as the 
Harnack quantity Z at (x,t + t). 

Proof. First we observe that the fiber of the bundle of 2-forms A^Mt = 
® i?) at {x,t) is isomorphic to the fiber of the bundle A^M 0 A^M 
at X. This may be seen by taking as a basis { w* } for the cotangent space T*M 
and noting that { A A dt } is a basis for A^Mr- We shall raise an index 

and consider the following bundle isomorphic to A^Mr'- 


a'-''-M r = {a = Yi^j^ialdx'' 
C T*Mr®TMr- 


d 

dx^ 




Raising an index of the Riemann curvature tensor so that it is of type (2,2), we 
have 

Rm : A^'^Mr A^’^Mr 

is given by 

Rm{T))=j:l,^,R%Tt 

where Rff. = g^'^Rpjf, and T = Y^p^^^^T^dxP 0 ^ G A^’^M.^- By the isomor¬ 
phism A^’^Mr = A^’^M 0 A^M, we may write T = U (B W, where U G A^’^M 
and W G A^M. Using Theorem 2.1, we compute 

Rm{ T,T) = R^,Uiut + ^oUfWi + + R^o^^Wi 

= WlkUiuj^ + (-V*Rj 0 VjIT^)UlWi 0 (-V'R^ 0 VkIT^)W,U^ 
0( AR*' - iV*V'i? 0 - R^^R^^)WiWi. 

( 2 . 2 ) 

Hence by definition ( |l.2| ), 

i?m([/0TU,U0lU) =Z. 

Corollary 2.4 The Ricci tensor Ricr ofVr is given by 


Rij 

= Rij */ 1 < AJ < n, 

(Cl) 

Roj 

= iVji? i/1 < j < n, 

(C2) 

Rqo 

= ^lf = lAi?0|fficp 

(C3) 


where as before the left are at {x,t) and on the right at {x,t + T). The scalar 
curvature Rr of Vi- is given by Rr{x,t) = R{x,t + t). 


If U G TM, then 


V. e A F ® 0) = 


The Harnack inequality (1.3), then says that 


ffie(F®0,V'®A)> 


R 

T' 
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Note that one can derive the evolution equation for R under the Ricci flow from 
the second contracted Bianchi identity on Mr'. 


1 r) /? 1 1 1 

2^ = 2^oR = -V,R) - g^MToRjm =2^R+\ R^c\\ 

Similarly, the second Bianchi identity on Mr implies the evolution equation 
( [l.4| ) for Rm by computing 

^oRijk = ~^iRjOk ~ ^jRoik- 


Observe that the degenerate metric gr defines a metric and a bracket on 

(2.3) 


A'^Mr by 
and 


(a,/3) = g^’^g^'-a.jPki 


[o,/?] O^ikg Plj f^ikg ^Ij. 


(2.4) 


Using the decomposition A^Mr = A^M 0 A^M, we find that the definitions 
( ^ ) and (^) above agree with ( |l.6D and (1^). Alternately, one may define a 
metric and a bracket on A^'^Mr by 


and 


(a,/3) = -alP] 


[a,l3]l =aiPi-P,ai. 


(2.5) 

( 2 . 6 ) 


This yields equivalent dehnitions via the isomorphism A^’^Mr = A^Mr- 

Since the pair (g,-, ) satisfies the Ricci flow, the Riemann curvature tensor 

satisfies the equation^: 


Q _ _ 

—Rm = ARm + Rm'^ + Rm"^, 
ot 


(2.7) 


where is t he square of Rm using the stru ctur e constants of the Lie algebra 
defined by (2.6). This explains why equation 0) holds. 

Finally, we compute the evolution equation for Z = Rm{U (BW,U(BW). 

Let T = U (B W, from ( 0 ) we compute: 

B ~ ~ ~ ^ d ~ 

— Z = AZ + Rm'^{T,T)+Rm*{T,T) + 2Rm{—T-AT,T) - 2g*^Rm(V*T, VjT) 
-45*^V*Rm(VjT,r). 

Hence, at a point where 


dt 


-T = AT 


( 2 . 8 ) 


“^We leave it to r ead er to che ck that the computations of the equation for the Riemann 
curvature ten sor in [|H5[| and [Hd hold for solutions to the degenerate Ricci flow. Again, the 


equation (2.7) holds with respect to an orthonormal frame in space together with 
Qt is degenerate, this extended frame is not orthonormal). 


a 

a rc'- 


(since 
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and 

we have 


V,T = 0 for 1 < z < 


dt 


Z = AZ + Rm^(T,T) + Rm*{T,T). 


(2.9) 

( 2 . 10 ) 


Note that since Z is a scalar, AZ = AZ. 


In terms of U and W, equation (2.8) and (2.£) may be rewritten as: 



(2.11) 

= AW, + l-WPRU,p 
at 2 

(2.12) 

^iUjk = 0 

(2.13) 

-h RfC/jp = 0. 

(2.14) 


and 


Given equation ( ^.11 ) and ( 2.13 ), we can relate equations ( ^.12 ) and ( 2.14 ) to 
the Ricci soliton s. R ecall that the Ricci gradient soliton equation is given by 
(see section 3 of |H2|): 

% = (2.15) 

where ViVj = VjVi, i.e., dV = 0. When H^{M]R) = 0, we have V = df for 
some function /. Tracing (2.15) we obtain: 


R = div V 


whereas taking the divergence of (2.15) we have: 

—'^jR + RjkVk = 0 . 

Taking the time derivative of ( ^.15 ) and using the equations 

+ V,Ru - ViR^j) 


(2.16) 


and 

= ARy + 2RkijiRki — 

we obtain: 

V.i-^V,+R,iVi) = V,iAV,). 

Assuming there are no parallel 1-forms on M, e.g., if H^{M; R) = 0, we have: 


dt 


Vj = AV, - R,iVi, 


(2.17) 
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or equivalently, 


(2.18) 


dt 


def 


Vj = AdVj = -{dS + 6d)Vj. 


Given a 2-form Uij on M, define the 1-form 

W = {U\V), = -U,,g^'^Vk. 

Assuming (2. 1^), (^11 , ( |n^ ) and (|a|) we compute: 

VfeWi = —VkUijVj — UijVkVj = —UijRkj 
which is the same as ( ^.14| ), and 

= AWi — UijRjkVk, 

which is equivalent to ( 2.12 ) using ( ^.16 ). 

The computations above are related to section 3 and Theorem 4.1 of Hamil¬ 
ton as follows. Hamilton considers W as the basic quantity and defines U = 
V AW. From the equations^] 


dt 


w, = AW, 


and 


V^TT, = 0 


and the Ricci soliton equations, he derives the equations 

d 


and 




'^lUjk = -:^{Ri]Wk — R,kWj). 


(2.19) 


( 2 . 20 ) 


( 2 . 21 ) 


( 2 . 22 ) 


On the other hand, we consider U as the basic quantity and define W = 
U\V. From (2.11), ( 2.13| ) and the Ricci soliton equations, we derive (2.12) 
and (2.14). The interesting coincidence to note is that equations (2.11)-(2.14) 
are equivalent to (2.8) and (2.9). This explains why assuming (2.11)-(2.14) 
simplifies the computation for dZjdt. Since (2.19)-(2.22) are related to solitons 
in an anal ogou s way a s -( |2.14| ), this gives an additional explanation why 

assuming ( 2.19| )-(2.22) simplifies the computation in Theorem 4.1 of Hamilton’s 
paper. 


^This equation differs from Hamilton’s by —p since we consider steady solitons instead of 
expanding solitons as our motivation. 
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3 An extension and Proofs 


In this section^ we extend the results of the previous section to the Ricci flow 
modified by diffeomorphisms generated by gradient vector fields. In particular, 
given a function f : M x [0, T) ^ i?, we consider the modified Ricci flow: 

d 

+ 2ViVj / . (3.1) 

Here the Hessian of / is the same as the Lie derivative of the metric with respect 
to the vector field V / i.e., 2ViVj / = (£v/ g)ij- 

Analogous to section 1, we consider the degenerate Riemannian manifold 
{Mr,gT )■ We then look for a connection Vi- compatible with gr such that the 
pair (^ 1 -, Vi- ) is a solution to the modified Ricci flow for degenerate metrics: 

^5*' = ‘ig^’^g^\Rki - VfcV/ /) (3.2) 

= -/'[Vi( R,, - V,V/ /) + V,( A/ - ViVz /) - v,( A, - ViV, /)]. 

(3.3) 


Note that the modified Ricci flow differs from the Ricci flow by the Lie derivative 
of g with respect to V / whereas the modified degenerate Ricci flow differs 
from the degenerate Ricci flow by the Lie derivative of gr with respect to V / 

= (v/,K). 

The appropriate choice of the connection Vr is given by: 


■pfe 

ij 

= if 1 < i,j,k< n, 

(Dl) 

fO. 

= 0 if 0 < < n, 

(D2) 

^ 20 

= fgi = + ViV'^ / if 1 < i, fc < n, 

(D3) 

■pfe 
^ 00 

= V'=(-ii?+|^/ -i|V/|2). 

(D4) 


Observe that when / 


0 , definitions (D1)-(D4) agree with (|AiD-@). 


®We expect that the results of this section hold when Vi / is replaced by a closed 1- 
form Vi whose cohomology class is independent of time and V / is replaced by V = ^V,h) 
where -^V = dh. In this case one should define + V^V^ and Pqq = 

v''(-iR + h- 4 |y|2). 
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Theorem 3.1 The Riemann curvature tensor Rrrir is given by: 


(El) 

(E2) 


Rijk = Rijk <n, 

R%k =^if^<i,3,k<n, 

Rijo = - + ^jRl + Rl.p^Pf z/ 1 < z, J, I < n, 

(E3) 

Rlok =-^'R^k + ykRi + Rlpk^Pf tfl<i,k,l<n, (E3') 

Rioo = §-A - VV Vpi?) - iV,V'i? - <4 - {V,4 - Vpi?(}VV 

-{V'i?,p - Vpi?(}VP/ + i?fVpV' / - + i?(p,VP/ vv 

= Ah-( - iv.v'i? + 

-9‘^'Pgp^yPf + Rlpg^’^f VV tfl<ij<n. 

(E4) 

Proof. Formulas (El) and (E2) follow from the definition of Ririr and (Dl)- 
(D2). For part (E3) we compute: 

Ao = - djTio + AA - r?of-p 

= V,(-i?' + V,V' / ) - W,{-Ri + WA / ) 

and (E3) follows from the commutation formula 

v,v, v7 - V, v,v7 =4pVP/. 

Part (E3') is proved similarly. For part (E4) we compute 

fi'oo = 7 - aof'o + fgof'p - ffof7 

= V.V^B+|Z-l|V/ft + A(R._v.v 7 ) 
-(i?f-V.V^/)(i?' -VpV'/) 

and (E4) follows from expanding and cancelling off terms. 

Corollary 3.2 The Ricci tensor Ricr is given by: 

Rij = Rij ifl<i,j< n, (FI) 

Roj = AjR + Rjp^^f */ 1 < J < zz, (F2) 

^00 = ^ If + VP/ V«/ + VPh-Vp/ (F3) 

= i Ai? + |i?zc|2 + VPRVpf + RpqVPf VV- 

Proof. Apply Theorem 3.1 to the definition Rij = RP^ while using the 
contracted second Bianchi identity '^pR^ = 

An interesting set of identities are the following. 
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Lemma 3.3 1) + R^pj'^Pf, 

2) i?|,o = Voi?f - V>^Ro^ + i??poVV, 

3) = V, J?§ - V'=J?o, + i?§p,VV = 0, 

4) i?§oo = Voi?g - V'=i?oo + i^gpoVP/ = 0. 

Proof. Using the definitions (D1)-(D4) to compare to Vi and Vq to 
we obtain the following. Part 1) follows directly from (E3') using (El) and (FI). 
Part 2) may be derived from (E4) using (F1),(F2) and (E3). Part 3) follows 
from (F3) and (E3'). Part 4) follows from (F2), (F3) and (F4). 

Remark 3.4 Formally, parts 2)-4) follows from 1) by setting the appropriate 
indices to he zero. 

For some of our later computations, it will be convenient to reformulate 
Lemma 3.3 as follows. 


Corollary 3.5 

1) Vj(.Rfci — VfeVi / ) 

2) Vo(Rfci — VfcVi / ) 

3) Vj(.Rofc — VoVfe/ ) 

4) Vo(i?o/c — VpVfe / ) 

where 1 < *, J, A: < n. 


— ^k{Rji / ) + dpi^kjQJ 

= Yk{Roi - VoY* / ) + 9pkRioo> 
= Yk{Roj — f )' 

= ^k{RoQ — VqVo / ), 


Proof. The corollary follows from Lemma 3.3 and the formula for commuting 
derivatives: 

ViVj Vfe / — Vj ViVfc / = —RfjfcVp / 

where 0 < i, j, k < n. 


Remark 3.6 Parts l)-4) are formally equivalent to 


j{Rki — k^i f ) — k{Rji — if ) + RkjOi 


where 0 < i, j, k < n and 


RkjOi — 


gp^Rkjo */!<*<'« 

0 ifi = 0. 


Theorem 3.7 Ifg is a solution to the modified Ricci flow, then the pair ( pr, V^- ) 
is a solution to the modified Ricci flow for degenerate metrics. 


Proof. Since g^^ = 0 for all 0 < j < n, to obtain 


we only need to show 


that 


Rki — ^k'^l f = Rki — ^k'^l f (3.4) 

for 1 < < n. This follows from = Pf^,, Ri^ = R^ (equations (plj) and 

respectively). Equation (p^ ) also implies ( |3.3D holds for I < i,j,k < n. 
Hence we only need to show (|3.3D holds in two cases: 
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Case 1 j = 0 and 1 < i,k < n. 


The left side of equation (|3.3| ) is: 

The right side is given by: 

- ~g'^\Vo{Ra - f ) + V,(i?oi - V^Vq / ) - V,(i?o. - V,Vo / )} 

= / ) - fL(i?r - V.V™/ ) 


- + i?fVp / ) - + i?PoVp / )} 


I 

a 


= - —(i?'' - /. 


Equation (^) now follows from formula (E3) and the fact that Vp / = 

0 . 

Case 2 i = j = 0 and 1 < k < n. 


The left side of ( |3.3[) is given by: 

^ffe = ^|v‘(-i«+§(-i|V/ra. 

The right side is: 

g'='{-2Vo(i?oi - VoV, / ) + Vi(i?oo - VqVo / )} 

= -g'='Vo(i?o; - Vo Vi / ) 

+ - VpV'^ / ) - fgp(i?g - VoVV ) 

where we used Corollary 3.4 to obtain the hrst equality and used the identities 


and 


rSp = -iK - f ) = -iK - VpV'' / ) 


rgo = -(^g - VoV^'/ ) = v^>(-ii? + - 1 |V/ I") 


00 “ '.'''•0 

to obtain the last equality. This completes the proof of the theorem. 

Similar to the previous section, if (g^,Vr) satisfies the modified Ricci flow 
for degenerate metrics, then the evolution of the Riemann curvature operator 
is given by: 

d ^ . . 

— Rm = ARm + . Rm + + Rm"^. 

at •' 
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4 An Approximation approach 


In this section we consider a two-parameter family of Riemannian (nondegen- 
erat e) m etrics on Mq = M x [0, t) and obtain the connection Vt- defined 
by (^)-(A4) as the limit of the Levi-Civita connections of ge,s as e and <5 tend 
to infinityQ On the other hand, the Harnack quantity Z is the limit of the 
Riemann curvature tensors of g^^^s as e tends to infinity and 8 tends to zero. We 
define the metrics by: 


9e {x,t) = g{x,t) + {R + 


2( t -|- (5) 


) dt^ 


This metric is positive-definite at points where i? -I- e (2t -|- 28 )~^ > 0. In 
particular, for any 5 > 0 g^^s is positive-definite on compact subsets of Mq 
provided e is large enough. 


Remark 4.1 The metric g^^s induces a metric on A^T*M. A two-form on Mq 
is a section in f\^T*M, and we have 


= A^{TfM 0 Rt) ^ A^TfM 0 A^TfM as vector bundles. 

The second identification is given by 

dx°‘ A dx^ dx^ A dx^ 
dx'^ Adt ^ , dx'^. 

2(t+6 ) 


As e tends to infinity, we get the semi-direct Lie algebra structure on aM*M 
given by (1.5) and the degenerate metric on A^T*M given by 0- 


Remark 4.2 gi^ = gij, g^^ = g^^ and go* = = 0 for 1 < i,j < n. goo = 

R + e{2t + 28)-^. 


We now study the asymptotic behavior of the connection and curvature 
operator of (M”+^,ge ,5 ) as e ^ oo. 


Lemma 4.3 For all e, 8 > 0, the Levi-Civita connections of g,:^s are given by: 

1) = r*y fox 1 < A j, ^ < n, 

2) f° = R+ei 2 fUs)-^ forl<i,j<n, 

3) ffo =-R'^ forl<i,k<n, 

4 ) fgo =/or 1 < A: < n, 

5) f°o = 2 (R+eJfi+ 2 sy^) forl<i<n, 

c'l pO _ dt R _I__ 

"1-^00 — 2(fl-|-e(2t-|-2(5)-i) ■ 

at points where g^^s is positive-definite. 


fo 
^ 00 


^If we just let e tend to infinity, the connection Vt is the limit except for the component 
(see formula 6 of Lemma 4.1) which tends to -(21-1-25)“^ as e—> oo, whereas by (A2), 


rSfl = 0. Of course, this discrepancy disappears if we let <5 —> oo. 
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Proof. Recall the Christoffel symbols are given by 

- dig^j) for 0 < i,j, k,l<n. 

The lemma follows from this and a straightforward computation using Remark 

4.2. 


The Riemann curvature tensors of the metrics are given by 

Lemma 4.4 


1 ) 

2 ) 

Proof. 


= Rljk-(RiRjk-R''jRik){R + £{‘^t + 2S) ^ for 1 < < n, 

= -VkR] + V'Rjfe - R - R] Vfe R){R + e (2t + 2(5)-i)-i for l<j,k,l< n, 

= dtR\ - iV.V'i? - - [{^ + ^)R\ - + e (2t + 2(5 forl<i,l< n. 


1. For 1 < i,j,k,l < n, we have 

tdI _ _L _ pmp/ 

^ijk jk ^3^ ik ' ^ jk^ im ^ ik^ jm 

= a.r', - d,Ti, + Ei<m<ni ^Tk^L - ^Tk^U) + 
= R\^^ - {RiRjk - Rj+ e (2t + 2(5 )-i)-i 


2. For 1 < l,j,k < n, we have 

tdI _ fi pZ f) pZ _i_ pm pZ pm pZ 

^Ojk — ^0^ jk ^3^ Ok ^ jk^ Om ^ Ok^ jm 

= doT^jk - djTi, + - fo.f'o 

= -i^jRi + ^kR\ - y‘Rjk) + VjRi - URjk^' R - Rj ^k R){R + €{2t + 25 )-i)-i 


3. For 1 < 5, ^ < n, we have 


pZ 

■^zoo 


pmpZ _ pmpZ 

1 nn-L ^ /iTii- r 


— ^*^00 ^of-Q -I- i 00^ im ^ iO^ Om 

= dii-^V^R)-do{-R 

i) ^^l<m<n( 2 F^V^R - i?rO + r^of'o - f°of[,o 


= doRl - iV.V'R - RTRL + fOof'o - fOof' ( 


±L^ ±L^ -r 00-^ iO ^ ZO-^ 00 

= dtRl - iV.V'R - RTRL - [(^ + ^)Rl - + e (2t + 2S)-j-^ 


Taking the appropriate limits, we obtain the connection and the Harnack 
quantity. 

Theorem 4.5 1. The connection Vr is the limit ofVe,s as e,S ^ oo. 

2. Hamilton’s Harnack quantity Z + ^RijWiWj is the limit of 
Rme,si C^©kF, C^©fF) as e ^ oo and (5^0. 
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